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Abstract—In this paper, we develop a principled method to
model line and surface contact with point contact (we call this
point, equivalent contact point) that is consistent with physics-
based models of surface (line) contact. Assuming that the set of
contact points form a convex set, we solve the contact detection
and dynamic simulation step simultaneously by formulating the
problem as a mixed nonlinear complementarity problem. This
allows us to simultaneously compute the equivalent contact point
as well as the wrenches (forces and moments) at the equivalent
contact point (consistent with the friction model) along with the
configuration and velocities of the rigid objects. Furthermore,
we prove that the contact constraints of no inter-penetration
between the objects is also satisfied. We present a geometri-
cally implicit time-stepping scheme for dynamic simulation for
contacts between two bodies with convex contact area, which
includes line contact and surface contact. We prove that for
surface and line contact, for any value of the velocity of center
of mass of the object, there is a unique solution for contact
point and contact wrench that satisfies the discrete-time equations
of motion. Simulation examples are shown to demonstrate the
validity of our approach and show that with our approach we
can seamlessly transition between point, line, and surface contact.
Index Terms—Dynamic Simulation, Nonlinear Complementar-
ity Problems, Contact Modeling, Intermittent Contact.
I. INTRODUCTION
A fundamental characteristic of a wide range of robotics
problems including robotic grasping, in-hand manipulation [1],
[2], non-prehensile manipulation (say, by pushing) [3], [4] is
the presence of controlled intermittent contact between the
gripper or the robotic end effector with other objects. The
ability to predict motion of objects undergoing intermittent
contact can help in the design of robust grasp strategies,
effective part feeder devices [5], and planning and control
algorithms for manipulation. Thus, dynamic modeling and
simulation for problems with intermittent unilateral contact is
a key problem.
Existing mathematical models for motion of rigid objects
with intermittent contact [6]–[12] can be classified into two
broad categories, namely, (a) Differential Algebraic Equation
(DAE) models [13] and (b) Differential Complementarity
Problem (DCP) models [14]–[16]. In DAE models, it is
assumed that the contact mode (i.e., sliding contact, rolling
contact, or no contact) is known, whereas DCP models solve
for the contact mode along with the state of the system.
Irrespective of whether a DAE or DCP is used to model the
Jiayin Xie and Nilanjan Chakraborty are with the Department of Me-
chanical Engineering, State University of New York at Stony Brook,
Stony Brook, NY, 11790 USA. Email: jiayin.xie@stonybrook.edu; nilan-
jan.chakraborty@stonybrook.edu.
Fig. 1: State-of-the-art dynamic simulation algorithms assume
that the contact between two objects is always a point contact
(left). However, the contact may actually be a (middle) line
or (right) surface contact. We develop a principled method to
incorporate line and surface contact in rigid body dynamic
simulation.
dynamical system, an almost universal assumption is that the
contact between the two objects is a point contact.
However, in practical manipulation scenarios the point con-
tact assumption may not be valid.
Consider the example of a cylinder being pushed on a flat
surface. The contact between the flat surface and the cylinder
is a line contact (Figure 1, middle) that changes with time as
the cylinder rolls. Further, consider a box being pushed on a
table. Here, the contact between the box and the table is a
surface contact (Figure 1, right).
In general, during motion, the contact between two objects
may switch among point, line, and surface contact.
In such cases, multiple contact points (usually less than
three) are usually chosen in an ad hoc manner. For example,
for the box on the table one can choose any three points,
such that the projection of the center of mass of the box
on the flat surface lies within the convex hull of the points.
If more than three contact points are chosen (e.g., the four
vertices), the force distribution at the points cannot be uniquely
determined. However, such ad hoc a priori choices may not
be valid because the actual contact patch may change during
motion, e.g., when part of the box is over the edge of the table.
Also, the contact mode may change from surface to point or
line, e.g., when the box is being tilted.
Furthermore, such ad hoc choices (along with other as-
sumptions like linearization of friction cones) can lead to
inaccuracies in simulation (please see Figure 6c and 6d, which
demonstrates this for Open Dynamics Engine (ODE) [17]
and BULLET [18], two popular dynamic simulation software
codes). Hence, simulation for predicting motion for line or
surface contact may not be reliable enough for use in manip-
ulation planning or control.
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2A key reason for the modeling difficulties with line or sur-
face contact is that most current dynamic simulation methods
decouple the contact detection from integrating the equations
of motion. A collision detection algorithm is used to compute
the closest points or the contact points at a given configuration
obtained by integrating the equations of motion. When there is
line or surface contact, there are infinitely many possible pairs
of closest points on the two objects and thus the collision
detection problem does not have a unique solution. In such
cases, it is not clear which point should be used as a contact
point to ensure that there is no non-physical penetration and
error in the simulation is not introduced by the choice of the
point. The goal of this paper is to develop a principled method
to incorporate line and surface contact in dynamic simulation.
The set of contact points will often be referred to as contact
patch and we assume that the contact patch is a convex set.
When there is a contact patch between two rigid objects,
there is a distribution of the normal force and the friction
force in the contact patch. There is a unique point in the
contact patch where the net moment due to the normal contact
force is zero. The effect of the contact patch can be modeled
equivalently by the sum of the total distributed normal and
tangential force acting at this single point and the net moment
about this point due to the tangential contact forces. We call
this point the equivalent contact point (ECP).
In statics, where the friction may or may not be relevant,
the point in the contact patch where the net moment of
the normal force distribution is zero is called the centre of
pressure. In the manipulation literature, where the friction is
also relevant, this point is called the center of friction [19].
In this paper, we show that the ECP as well as the contact
force and moment (i.e., contact wrench) at the ECP can be
computed by incorporating the collision detection within the
dynamic simulation time step. We use a DCP formulation of
the dynamics, since it does not make any assumptions about
the contact modes, which are usually not known a priori.
In [20], the authors presented a method for incorporating the
collision detection within the dynamic simulation time step.
They showed that such a formulation improves accuracy of the
contact dynamics simulation by preventing interpenetration be-
tween rigid objects. This method was called the geometrically
implicit time-stepping method. In this paper, we show that the
system of equations derived in [20] can give the ECP and
equivalent contact wrench for non-point contact. Furthermore,
it is guaranteed that there will be no interpenetration between
the objects at the end of the time step.
Modeling Assumptions: We make the following modeling
assumptions in this paper: (1) All objects are assumed to be
rigid bodies. (2) Geometrically, each object is a convex set
modeled as intersection of convex inequalities, and the contact
patch is a planar convex set. (3) The net friction wrench (force
and moment) at a contact satisfies a generalized Coulomb’s
friction model. (4) The motion generated is such that the
principle of maximum power dissipation holds. We discuss
the friction model in detail in Section III-C. Note that the
geometric assumption of convexity of objects and convexity
of contact patch is for convenience of presentation. These
assumptions can be relaxed as long as the contact patch is
planar (please see [21]).
Contributions: Our key contributions are as follows: (a)
We show that the geometrically implicit time-stepping model
proposed in [20] can be used to simulate contact problems
with line or surface contact. We also formally prove that
the geometric contact constraints will be always satisfied and
there will be no interpenetration between the objects. (b) We
formalize our claim that our approach of using a geometrically
implicit time-stepping model by combining collision detection
within the equations of motion leads to a well-posed problem.
More specifically, for 3D line and surface contact, we prove
that for any value of the state (position, orientation, linear,
and angular velocity) of the two objects, there is a unique
solution for the closest points and the contact wrenches.
Thus, for resolving non-point contacts, when we solve for
the contact wrenches and contact point simultaneously, the
problem is well-posed, whereas it is ill-posed when we want
to resolve contacts by solving for the contact points separately
(as is traditionally done), since there are infinite number of
possible contact points for the given state. (c) We also present
numerical simulation results, depicting the correctness of our
method by comparing the numerical solution of the dynamic
simulation with analytical solutions that we have derived for
pure translation with patch contact. For more general motion
with non-point contact, we show that our algorithm can track
the change of the equivalent contact point as the contact mode
changes from point contact to line contact to surface contact.
We use the PATH solver [22] to get the numerical solutions
to the complementarity problem that we are formulating.
This paper is organized as follows: In Section II, we discuss
in detail the relationship of our work to the related work.
In Section III, we present the mathematical model of the
equations of motion of objects in intermittent contact with each
other. The modeling of the contact constraints is presented
in detail in IV. In Section V, we formally prove that the
discrete time-model that we present by combining the equa-
tions corresponding to the computation of the closest point
within the equations of motion leads to a well-posed problem
for determining the ECP and contact wrench. In Section VI,
we present our numerical simulation results depicting the
performance of our algorithm and in Section VII, we present
our conclusions and outline avenues of future research.
II. RELATED WORK
In this paper, we are concerned with dynamic simulation
of rigid bodies that are in intermittent contact with each other
and we use a DCP model. Let u ∈ Rn1 , v ∈ Rn2 and let g
:Rn1 × Rn2 → Rn1 , f : Rn1 × Rn2 → Rn2 be two vector
functions and the notation 0 ≤ x ⊥ y ≥ 0 imply that x is
orthogonal to y and each component of the vectors is non-
negative.
Definition 1. [23] The differential (or dynamic) complemen-
tarity problem is to find u and v satisfying
u˙ = g(u,v), 0 ≤ v ⊥ f(u,v) ≥ 0
3Definition 2. The mixed complementarity problem is to find
u and v satisfying
g(u,v) = 0, 0 ≤ v ⊥ f(u,v) ≥ 0
if the functions f and g are linear the problem is called a
mixed linear complementarity problem (MLCP), otherwise,
the problem is called a mixed nonlinear complementarity
problem (MNCP). As we will discuss later, our continuous time
dynamics model is a DCP whereas our discrete-time dynamics
model is a MNCP.
Modeling the intermittent contact between bodies in motion
as a complementarity constraint was first done by Lotst-
edt [24]. Subsequently, there was a substantial amount of
effort in modeling and dynamic simulation with complemen-
tarity constraints [6]–[8], [25]–[33]. The DCP that models
the equations of motion, usually, cannot be solved in closed
form. Therefore, time-stepping schemes [31]–[34] have been
introduced to solve the DCP. The time-stepping problem is:
given the state of the system and applied forces, compute an
approximation of the system one time step into the future.
Repeatedly solving this problem results in an approximation
of the solution of the equations of motion of the system. There
are different assumptions that are made when forming the
discrete equations of motion that makes the system Mixed
Linear Complementarity problem (MLCP) [35], [36] or mixed
non-linear complementarity problem (MNCP) [20], [37]. The
MLCP problem can be solved faster but it assumes that the
friction cone constraints are linearized and that the distance
function between two bodies (which is a nonlinear function
of the configuration) is also linearized.
Depending on whether the distance function is approxi-
mated, the time-stepping schemes can also be divided into
geometrically explicit schemes [25], [27] and geometrically
implicit schemes [8], [37]–[39]. In geometrically explicit
schemes, at the current state, a collision detection routine
is called to determine separation or penetration distances
between the bodies, but this information is not incorporated
as a function of the unknown future state at the end of the
current time step. A goal of a typical time-stepping scheme
is to guarantee consistency of the dynamic equations and all
model constraints at the end of each time step. However, since
the geometric information is obtained and approximated only
at the start of the current time-step, then the solution will be
in error. Thus we use a geometrically implicit time stepping
scheme in this paper and the resulting discrete time problem
is a MNCP.
A common aspect of all the time stepping schemes men-
tioned above is that they assume the contact between the two
objects to be a point contact. In many application scenarios
in grasping and manipulation, line and surface contact with
friction is ubiquitous. Therefore much attempt has been made
to model and understand the effect of non-point frictional
contact in robotic manipulation [40]–[42]. Building on these
friction models, there is work in robotic manipulation based
on quasi-static assumption where the inertial forces can be
neglected with respect to the friction forces [3], [4], [43], [44].
In this paper we use a friction model for general dynamic
simulation, where the quasi-static assumption may not be
valid. We want a general model that considers moments due
to the distributed friction force; hence we use a generalization
of Coulomb’s friction.
III. DYNAMIC MODEL
We use a geometrically implicit optimization-based time-
stepping scheme to model the dynamic simulation of inter-
mittent unilateral contact between two rigid objects where the
equations in each time step form a mixed complementarity
problem. It is made up of the following parts: (a) Newton-
Euler equations (b) kinematic map relating the generalized
velocities to the linear and angular velocities (c) friction
law and (d) contact constraints incorporating the geometry
of the objects. The parts (a), (b), and (c) are standard for
any complementarity-based formulation (although part (c) can
change depending on the assumptions (or approximations)
made about the friction model). Part (d) is the key aspect
of the model in the context of this paper and was introduced
in [20] for point contacts.
For simplicity of exposition, we will introduce the notations
and describe the equations of motion for a single object in a
single (convex) patch contact with another object. For multiple
moving objects, we can always form the equations of motion
of the overall system from the description below along with the
fact that the contact wrenches at the contact point are equal
and opposite to each other for any two contacting objects.
Let q be the position of the center of mass of the object
and the orientation of the object in an inertial frame (q can
be 6 × 1 or 7 × 1 vector depending on the representation of
the orientation). We will use unit quaternion to represent the
orientation unless otherwise stated. Let ν be the generalized
velocity concatenating the linear (v) and spatial angular (sω)
velocities. Let λn (pn) be the magnitude of normal contact
force (impulse) at the equivalent contact point (ECP), λt (pt)
and λo (po) be the orthogonal components of the friction force
(impulse) on the tangential plane at ECP, and λr (pr) be the
frictional force (impulse) moment about the contact normal.
A. Newton-Euler Equations
The Newton-Euler equations in an inertial frame Fw are as
follows:
M(q)ν˙ = Wnλn+Wtλt+Woλo+Wrλr+Fapp+Fvp (1)
where M(q) = diag(mI3, I′) ∈ R6×6 is the generalized
inertia matrix, m is the object mass, I′ ∈ R3×3 is the object
inertia matrix about the CM and with respect to the inertial
frame Fw, I3 is a 3 × 3 identity matrix. Here Fapp ∈ R6
is the vector of external forces and moments (including
gravity and excluding the contact normal force and frictional
forces/moments), Fvp ∈ R6 is the vector of Coriolis and
centripetal forces and moments, Wn, Wt, Wo and Wr ∈ R6
are the unit wrenches of the normal contact forces, frictional
contact forces, and frictional moments. Let the ECP be the
origin of the contact frame. Let the normal axis of the contact
frame be the unit vector n ∈ R3, which is orthogonal to the
contact patch. The tangential axes of the frame are unit vectors
4ECP(𝐚1, 𝐚2)
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Fig. 2: Notation for planar contact patch.
t ∈ R3 and o ∈ R3, which is orthogonal to the normal axis
n. Let r be the vector from center of gravity to the ECP,
expressed in the inertial frame:
Wn =
[
n
r× n
]
Wt =
[
t
r× t
]
Wo =
[
o
r× o
]
Wr =
[
0
n
] (2)
Here 0 is a 3× 1 vector with each entry equal to 0.
B. Kinematic Map
The kinematic map is given by
q˙ = G(q)ν (3)
where G is the matrix mapping the generalized velocity of the
body to the time derivative of the position and the orientation
q˙.
C. Friction Model
We use a friction model based on the maximum power
dissipation principle, which has been previously proposed in
the literature for point contact [10]. The maximum power
dissipation principle states that among all the possible contact
wrenches (i.e., forces and moments) the wrench that maximize
the power dissipation at the contact are selected. For non-point
contact, we will use a generalization of the maximum power
dissipation principle, where, we select contact wrenches and
contact velocities that maximize the power dissipation over
the entire contact patch. We will now show that the problem
formulation using the power loss over the whole contact patch
can be reduced to the friction model for point contact with the
ECP as the chosen point. Mathematically, the power dissipated
over the entire surface, Pc is
Pc = −
∫
A
(vtiβti + voiβoi)dA (4)
where vti, voi are the sliding velocity at dA, βti, βoi are the
frictional force per unit area at dA. Since we assume the
contact patch to be planar, the contact normal is the same at all
points on the contact patch. Let vt = WTt ν and vo = W
T
o ν be
the components of tangential velocities at the ECP. Similarly,
the angular velocity about contact normal vr = WTr ν. From
basic kinematics, we know that vti = vt − vr(ayi − ay) and
voi = vo + vr(axi − ax), where (ax, ay) are the x and
y coordinates of the ECP and (axi, ayi) are the x and y
coordinates of a point on the patch. Substituting the above
in Equation (4) and simplifying, we obtain
Pc = −
[∫
A
vtβtidA+
∫
A
voβoidA+
∫
A
vriβ
′
ridA
]
(5)
where β′ri = −βti(ayi − ay) + βoi(axi − ax). By noting that∫
βtidA = λt,
∫
βoidA = λo,
∫
β′ridA = λr, where λt, λo are
the net tangential forces at the ECP and λr is the net moment
about the axis normal to the contact patch and passing through
the ECP, the power dissipation over the entire contact patch
is given by Pc = −(vtλt + voλo + vrλr).
For specifying a friction model, we also need a law or rela-
tionship that bounds the magnitude of the friction forces and
moments in terms of the magnitude of the normal force [41].
Here, we use an ellipsoidal model for bounding the magnitude
of tangential friction force and friction moment. This friction
model has been previously proposed in the literature [10],
[20], [41], [45] and has some experimental justification [42].
Thus, the contact wrench is the solution of the following
optimization problem:
arg max
λt,λo,λr
−(vtλt + voλo + vrλr)
s.t.
(
λt
et
)2
+
(
λo
eo
)2
+
(
λr
er
)2
− µ2λ2n ≤ 0
(6)
where the magnitude of contact force and moment at the ECP,
namely, λt, λo, and λr are the optimization variables. The
parameters, et, eo, and er are positive constants defining the
friction ellipsoid and µ is the coefficient of friction at the
contact [15], [42]. Thus, we can use the contact wrench at the
ECP to model the effect of entire distributed contact patch.
Note that in the derivation above, there is no assumption made
on the nature of the pressure distribution between the two
surfaces.
D. Discrete-time Equations
To discretize the above system of equations, we use a
backward Euler time-stepping scheme. Let tu denote the
current time and h be the duration of the time step, the
superscript u represents the beginning of the current time and
the superscript u+1 represents the end of the current time. Let
ν˙ ≈ (νu+1 − νu)/h, and q˙ ≈ (qu+1 − qu)/h, and write in
terms of impulses. The Newton-Euler Equations and kinematic
map (1) and(3) become:
Muνu+1 = Muνu +Wnp
u+1
n +Wtp
u+1
t
+Wop
u+1
o +Wrp
u+1
r + p
u
app + p
u+1
vp
(7)
qu+1 = qu + hGuνu+1 (8)
5Using the Fritz-John optimality conditions of Equation (6),
we can write [46]:
0 = e2tµp
u+1
n W
T
t ν
u+1 + pu+1t σ
u+1
0 = e2oµp
u+1
n W
T
o ν
u+1 + pu+1o σ
u+1
0 = e2rµp
u+1
n W
T
r ν
u+1 + pu+1r σ
u+1
0 ≤ (µpu+1n )2 −
(
pu+1t
et
)2
−
(
pu+1o
eo
)2
−
(
pu+1r
er
)2
⊥ σu+1 ≥ 0
(9)
where σ is a Lagrange multiplier corresponding to the inequal-
ity constraint in (6). Note that Wn, Wt, Wr in Equations (7)
and (9) are dependent on the ECP at the end of the time
step u + 1. However, the ECP is not known apriori and
changes as the objects move. Therefore, in Section IV, we
provide equations that the ECP must satisfy while ensuring
that the rigid body constraints that the two objects cannot
interpenetrate are not violated.
IV. MODELING CONTACT CONSTRAINTS
In complementarity-based formulation of dynamics, the
normal contact constraint for each contact is written as
0 ≤ λn ⊥ ψn(q, t) ≥ 0 (10)
where ψn(q, t) is the gap function between two objects, say,
F and G. When ψn(q, t) > 0, the objects are separate, when
ψn(q, t) = 0, the objects touch, when ψn(q, t) < 0, the
objects penetrate each other. Since ψn(q, t) usually has no
closed form expression, and the contact constraints should
be satisfied at the end of the time step, state-of-the-art time
steppers [28], [31]–[34], [47], [48] do the following: (a) use
a collision detection algorithm to get the closest point at
the beginning of the time-step (b) approximate the distance
function at the end of the time step using a first order
Taylor’s series expansion. Thus, the time-steppers are explicit
in the geometric information and the collision detection step
is decoupled from the dynamics solution step, where the state
of the system and the contact wrenches are computed. In [20],
the authors discussed the limitations of such an approach in
terms of undesired interpenetration between rigid objects, and
introduced a method whereby the geometry of the bodies are
included in the equations of motion, so that simulation with
no artificial interpenetration can be guaranteed.
Previous models, including [20], assume point contact. In
Figure 3, a1 and a2 are used to represent the closest points on
two objects. When ψ > 0, the two objects are not in contact,
when ψ = 0 , the two objects are in contact. In this case, the
pair (a1,a2) is unique and any collision detection algorithm
gives the unique contact information to formulate the dynamic
model. However, for line contact or surface contact, as shown
in Figure 4, there can be an infinite number of closest points.
Thus, any point on the contact line (or surface) patch is a valid
choice of the closest points and there is no way to choose one
(see Figure 5b, 5c). In practice, a number of (potential) points
on the (potential) contact patch are chosen arbitrarily, and the
𝐚1
𝐚2
𝜓 > 0
𝐚1(𝐚2) 𝜓 = 0
Fig. 3: Scenario of point contact
𝐚1
𝐚2
𝜓 > 0
𝐚2
𝐚1
𝜓 = 0
Fig. 4: Scenario of line contact
non-penetration constraint is enforced at each of the discrete
points (e.g., in Figure 5c, the points chosen may be the four
vertices of the face of F on the face of G). However, the
contact patch may change as the system evolves, in which case
arbitrary a priori selection of contact points can lead to wrong
results (e.g., in Figure 5c, the vertex labeled, vF may not be
in contact with G after motion and only part of the face of F
may be in contact with G). Thus ad hoc selection of points
to enforce contact constraints along with other assumptions
like linearization of friction cone can lead to inaccuracies in
simulation results (see the Example 1 in the simulation results
section).
The guarantee of non-penetration in [20] is valid for any
point on the contact surface. From basic physics, we know
that there is a unique point on one contact surface that can
be used to model the surface (line) contact as point contact
where the integral of the total moment (about the point)
due to the distributed normal force on the contact patch is
zero. We call this closest point the equivalent contact point
(ECP). This equivalent contact point along with the equivalent
contact wrench (due to distributed normal force as well as
distributed friction force over the contact patch) that acts at
this point so that the two objects do not penetrate is unique.
So we can potentially use the implicit time-stepping method
6to solve for the ECP as the closest point on the contact
surface, its associated wrench and configurations of the object
simultaneously. In the subsequent sections, we show that it is
indeed the case and prove that the guarantee of non-penetration
in [20] that is valid for point contact between two objects can
be extended to line and surface contact. .
A. Algebraic contact constraints based on KKT condition
Consider two convex objects F and G described by the
intersecting convex inequalities. Let fi(ξ1) ≤ 0, i = 1, ...,m
and gj(ξ2) ≤ 0, j = m + 1, ..., n, be C2 convex functions
(i.e., twice differentiable with continuous second derivatives)
representing two convex objects respectively, where ξ1 and
ξ2 are the coordinates of points on the two objects. Since
the closest point is outside the object if it is outside at least
one of the intersecting surfaces forming the object, the contact
complementarity Equation (10) can be written as:
0 ≤ pn ⊥ max
i=1,...,m
fi(a2) ≥ 0;
0 ≤ pn ⊥ max
j=m+1,...,n
gj(a1) ≥ 0
(11)
where a1 and a2 are the closest points on two objects and
given by a solution to the following minimization problem:
(a1,a2) ∈ arg min
ζ1,ζ2
{‖ζ1−ζ2‖ fi(ζ1) ≤ 0, gj(ζ2) ≤ 0} (12)
where i = 1, ...,m and j = m+ 1, ..., n.
Using a slight modification of the Karush-Kuhn-Tucker
(KKT) conditions for the optimization problem in Equa-
tion (12), the closest points (or ECP) should satisfy the
following equations:
a1 − a2 = −lk1(∇fk1(a1) +
m∑
i=1,i6=k1
li∇fi(a1)) (13)
∇fk1(a1) +
m∑
i=1,i6=k1
li∇fi(a1) = −
n∑
j=m+1
lj∇gj(a2) (14)
0 ≤ li ⊥ −fi(a1) ≥ 0 i = 1, ..,m (15)
0 ≤ lj ⊥ −gj(a2) ≥ 0 j = m+ 1, ..., n (16)
where k1 represents the index of any one of the active
constraints. We will also need an additional complementarity
constraint (any one of the two equations in (11)) to prevent
penetration.
0 ≤ pn ⊥ max
i=1,...,m
fi(a2) ≥ 0 (17)
Note that Equations (13) to (16) are not exactly the KKT
conditions of the optimization problem in Equation (12) but
can be derived from the KKT conditions. This derivation is
presented in detail in [20] and is therefore omitted here.
Definition 3. Let x be a point that lies on the boundary of a
compact set F . Let I be the index set of active constraints for
x, i.e., I = {i|fi(x) = 0, i = 1, 2, . . . , n}. The normal cone
to F at x, denoted by C(F,x), consists of all vectors in the
conic hull of the normals to the surfaces (at x) represented
by the active constraints. Mathematically,
C(F,x) = {y|y =
∑
i∈I
βi∇fi(x), βi ≥ 0}
.
Definition 4. Let F be a compact convex set and let x0 be
a point that lies on the boundary of F . Let C(F,x0) be the
normal cone of F at x0. The supporting plane of F at x0
is a plane passing through x0 such that all points in F lie
on the same side of the plane. In general, there are infinitely
many possible supporting planes at a point. In particular any
plane H(x) = {x|αT (x−x0) = 0} where α ∈ C(F,x0) is a
supporting plane to F at x0.
Definition 5. The touching solution between two objects F
and G is for ECPs a1 and a2 satisfying:
1) The points a1 and a2 that satisfy Equations (13) to (17)
lie on the boundary of objects F and G respectively.
2) The objects can not intersect with other.
Proposition 1. Let objects F and G be two nonempty convex
sets. Using Equations (13) to (17) to model line or surface
contact between F and G, if the distance between objects
is non-negative, then we get the solution for ECPs as the
closest points on the boundary of two objects. Moreover, if
the distance is zero, then we get only touching solution.
Proof. First, when objects are separate, Equations (13) ∼ (17)
will give us the solution for a1 and a2 as the closet points on
the boundary of object1. The proof is same as in [20].
When the distance between two objects is zero, the modified
KKT conditions (13) to (16) will give us the optimal solution
for the minimization problem (Equation (12)), i.e., a1 = a2.
Furthermore, Equations (13) to (16) and Equation (17) together
give us the solution for a1 and a2 as the touching solution.
By the definition of the touching solution, ECP a1 and a2
should lie on the boundary of objects F and G respectively.
We prove it by contradiction. If a1 lies within the interior of
object F , then from Equation (15), fi(a1) < 0, li = 0, ∀i =
1, ...,m. From Equation (13), a1 = a2, thus fi(a2) < 0, ∀i =
1, ...,m, which contradicts with Equation (17). Thus a1 has
to lie on the boundary of object F . If a2 lies within object G,
from Equation (16), gj(a2) < 0, lj = 0, ∀j = m + 1, ..., n.
Thus,
∑n
j=m+1 lj∇gj(a2) = 0. Since the left hand side of
Equation (14) is nonzero, this leads to a contradiction. Thus
a2 lies on the boundary of object G.
We will now prove that the interior of F and G are disjoint.
We prove it based on the supporting hyperplane theorem. Let
H be the supporting plane to F at the point a1 ∈ ∂F , where
the normal α ∈ C(Fi,a1). The supporting plane is given by
H = {x|αT (x− a1) = 0}. Since the plane H supports F at
a1, for all points x ∈ F , the affine function αT (x− a1) ≤ 0.
In other words, the halfspace {x|αT (x−a1) ≤ 0} contains F .
Now we need to prove that the halfspace {x|αT (x−a1) ≥ 0}
contains object G, which would imply that objects F and G
can be separated by H. For point a2 ∈ ∂G, since a1 = a2,
a2 lies in H. For other points y ∈ {G \ a2}, we have
αT (y − a1) = αT (y − a2 + a2 − a1) = αT (y − a2).
From Equation (14), the direction of normal α is opposite
to the normal cone of G at a2. Since object G is convex, the
1Although the closest points may be non-unique, we can just pick any point.
This does not affect our dynamics since the contact wrench is 0.
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Fig. 5: Contact cases:(a) point contact between corner and flat surface, where the supporting hyperplane is uniquely defined
by the intersection of pyramidal cone on F and the reversed normal line on G. (b) line contact between edge and flat surface,
where the supporting hyperplane is uniquely determined by the intersection between planar cone on F and a reversed coplanar
normal on G. (c) surface contact between two flat surface, where the supporting hyperplane is uniquely determined by two
collinear normal lines on F and G (d) point contact between two edges, where the supporting hyperplane is uniquely defined
by intersection of two planar cones (e) line contact between two edges, where the supporting hyperplane is determined by two
coplanar planar cones, thus the hyperplane is non-unique.
projection of the vector y − a2 onto the normal cone at a2
is always non-positive. Therefore, the function αT (y−a2) is
always non-negative. Thus, the halfspace {x|αT (x−a1) ≥ 0}
contains object G. Thus, we can conclude that the interior of
F and G are disjoint.
B. Summary of the Dynamic Model
As stated earlier, the full dynamic model consists of the
Newton-Euler equations of motion (Equation (7)), the kine-
matic map between the rigid body generalized velocity and
the rate of change of the parameters for representing posi-
tion and orientation (Equation (8)), the friction model that
gives the constraints that the contact wrenches should satisfy
(Equation (9)), and the contact model that gives the constraints
that the equivalent contact point should satisfy for ensuring no
penetration between the objects (Equations (13) to (17)). Note
that Wn, Wt, Wr in Equations (7) and (9) are dependent
on the ECP at the end of the time step u + 1. Furthermore,
the unknown impulses, the unknown Lagrange multipliers li
and the unknown ECP in Equations (13) to (17) are at time
u + 1. Thus, we have a coupled system of algebraic and
complementarity equations that we have to solve.
The mixed nonlinear complementarity problem (MNCP)
that we solve at each time step consists of Equations (7),
(9), and (13) to (17). The solution of the MNCP for each
time step gives us the linear and angular velocity νu+1,
contact impulses pu+1n , p
u+1
t , p
u+1
o , p
u+1
r , and equivalent con-
tact points au+11 ,a
u+1
2 , at the end of the time-step. The
position and orientation of the object is obtained from Equa-
tion (8), after we obtain νu+1. We define vectors l1 and l2
as the concatenated vectors of lu+1i and l
u+1
j respectively.
The vector function f(au+11 ) and g(a
u+1
2 ) represent con-
catenated vectors of functions defining objects F and G (
fi(a
u+1
1 ) and gj(a
u+1
2 )) respectively. The vector of unknowns,
z = [zu; zv] where the vector for unknowns of equality
constraints is zu = [νu+1;au+11 ;a
u+1
2 ; p
u+1
t ; p
u+1
o ; p
u+1
r ] and
the vector for unknowns of complementary constraints is
zv = [l1; l2; p
u+1
n ;σ
u+1]. The equality constraints in the mixed
8NCP are:
0 = −Muνu+1 +Muνu +Wu+1n pu+1n +Wu+1t pu+1t
+Wu+1o p
u+1
o +W
u+1
r p
u+1
r + p
u
app + p
u
vp
0 = au+11 − au+12
+ lu+1k1
∇fk1(au+11 ) + m∑
i=1,i6=k1
lu+1i ∇fi(au+11 )

0 = ∇fk1(au+11 )
+
m∑
i=1,i6=k1
lu+1i ∇fi(au+11 ) +
n∑
j=m+1
lu+1j ∇gj(au+12 )
0 = e2tµp
u+1
n (W
T
t )
u+1νu+1 + pu+1t σ
u+1
0 = e2oµp
u+1
n (W
T
o )
u+1νu+1 + pu+1o σ
u+1
0 = e2rµp
u+1
n (W
T
r )
u+1νu+1 + pu+1r σ
u+1
(18)
The complementary constraints for zv are:
0 ≤

l1
l2
pu+1n
σu+1
 ⊥

−f(au+11 )
−g(au+12 )
max
i=1,...,m
fi(a
u+1
2 )
ζ
 ≥ 0 (19)
where ζ = (µpu+1n )
2−(pu+1t /et)2−(pu+1o /eo)2−(pu+1r /er)2.
Note that, we assume the contact between two bodies is a
single convex contact patch. Therefore, vector function f(x),
which describes the boundary of object F , can be simplified
as a single function.
Although, for simplicity of exposition, we have written the
equations for one object with a single (potentially non-point)
contact with another object, they can be generalized to multiple
bodies by concatenating the system of equations for each body.
Remark 1. Please note that we are not making any claims
about computing the force distribution over the contact patch.
Our claim is that we do not need to know the pressure
distribution over the contact patch to compute the dynamics
given that the assumptions of rigid body is valid. Force balance
and moment balance equations allow us to solve for the state,
ECP, and contact impulses simultaneously without knowing
the force distribution, provided, we add additional equations
that model the non-penetration constraints of two rigid bodies.
V. COMPUTING ECP AND EQUIVALENT CONTACT
WRENCH IS WELL-POSED
In this section, we show that by solving for the ECP along
with the numerical integration of the equations of motion,
i.e., by solving a time-stepping problem where the contact
constraints (Equations (13) to (17)) are embedded with the
dynamic time-step equations and friction model, computing
ECP and contact wrench becomes a well-posed problem.
Embedding the contact constraints within the dynamic time-
stepping scheme implies that there is no separate call to a col-
lision detection software, i.e., both the collision detection and
integration of equations of motion are done simultaneously.
More formally, we prove that given the state of the object
at the end of the time-step, the ECP and net contact wrench
is unique. This provides another theoretical justification for
embedding the collision detection problem within the dynamic
time-step, since if the two are separate, then for patch contacts,
the collision detection problems are always ill-posed.
Consider two objects F and G, and without loss of gen-
erality, we assume G is fixed. Let a1 and a2 be the position
vector of ECP of objects F and G, respectively. When F and
G are not in contact, since the contact wrench is zero, even
if there are multiple pair of closest points, any pair of points
that satisfy the equations is a valid solution for ECP (and will
not affect the dynamics), so we ignore this case.
When objects are in contact, as Figure 5 shows, the contact
patch between them can be point contact (Figure 5a and 5d),
line contact (Figure 5b and 5e) and surface contact (Figure 5c).
Any pair of points on the two objects that are in the contact
patch and have identical coordinates in the inertial frame
satisfy the contact constraints. Thus, in line or surface contact
case, there exists multiple possible solutions for the closest
points a1 and a2, when the collision detection and dynamic
time-stepping problems are decoupled.
Furthermore, the equations of contact constraints (Equa-
tions (13) to (16)) can be simplified as equation of a supporting
hyperplane that contains the contact patch. By the separating
hyperplane theorem, since the objects do not penetrate each
other, there always exists a supporting hyperplane (Figure 5
illustrates this pictorially). The existence of the supporting
hyperplane ensures that there exists a contact frame on the
contact patch, which can be chosen as given below. Let the
ECP a2 be the origin of the contact frame. Let the normal
axis of the contact frame be the unit vector n ∈ R3, which
is orthogonal to the contact patch, and can be chosen to be
the normal to the supporting hyperplane. The tangential axes
of the frame are unit vectors t ∈ R3 and o ∈ R3 that can be
chosen on the supporting hyperplane.
When objects are in contact, a1 coincides with a2. Because
ECP a1 or a2 lie in the contact patch, so they should satisfy
the equation of the hyperplane. Thus, based on Definition 4,
the contact constraints (13) to (17) can be simplified as the
equation of plane:
n · a2 = d (20)
where d is a constant.
We will now use the simplified contact constraints in (20)
along with the dynamic time-step equations in (7) to show
that, when objects with given state are in contact, there is an
unique solution for the ECP and contact wrenches between F
and G.
Let Fw be the inertial frame. The state of F is described by
position and orientation vector q = [qx, qy, qz, sθx, sθy, sθz]T
and generalized velocity of center of mass ν =
[vx, vy, vz,
swx,
swy,
swz]
T , which is described in Fw. Be-
cause a1 = a2, the vector from center of gravity of F to the
ECP can be defined as r = [a2x − qx, a2y − qy, a2z − qz]T .
The vector of external impulses is papp = [px, py,−mβh +
pz, pxτ , pyτ , pzτ ]
T where β is the acceleration due to gravity.
px, py and pz are the external impulses except the gravity
impulse acting on the objects in the directions of spatial
9frame’s X, Y and Z axis. pxτ , pyτ and pzτ are the external
moments in spatial frame’s X, Y and Z axis.
Proposition 2. When two objects with given state at the
end of the time-step are in contact, the solutions of ECP
and contact wrench are unique and given by the following
equations formed by Equation (7) and Equation (20).
0 = −M¯u(vu+1 − vu) + pu+1n nu+1
+ pu+1t t
u+1 + pu+1o o
u+1 +
 puxpuy
−mβh+ puz
 (21)
0 = −Iu(swu+1 − swu)− swu+1 × (Iuswu+1)
+ pu+1n r
u+1 × nu+1 + pu+1t ru+1 × tu+1
+ pu+1o r
u+1 × ou+1 + pu+1r nu+1 +
puxτpuyτ
puzτ
 (22)
nu+1 · au+12 = du+1 (23)
where M¯ = M(1 : 3, 1 : 3), I = M(4 : 6, 4 : 6), r = a2 − q¯
and q¯ = [qx, qy, qz]T .
Proof. The proof can be separated into two parts:
1) Contact wrench pu+1t , p
u+1
o and p
u+1
n are unique.
2) ECP au+12 and contact wrench p
u+1
r are unique.
(1) First, let us prove that the contact wrench pu+1t , p
u+1
o and
pu+1n are unique. Since the generalized velocity ν
u+1 is known
at time step u+ 1, Equation (21) can be modified as:
C
pu+1npu+1t
pu+1o
 = M¯u(vu+1 − vu)−
 puxpuy
−mβh+ puz
 (24)
where C =
[
nu+1, tu+1,ou+1
]
. Note that, the columns of
matrix C, namely, nu+1, tu+1,ou+1 are the axes of contact
frame for the contact between objects. Thus, C is an or-
thogonal matrix C and CT is the inverse of C. Thus, from
Equation (24), the values of pu+1t , p
u+1
o and p
u+1
n are unique.
(2) Now, we will prove that the ECP au+12 and contact
wrench pu+1r are unique. Equation (23) can be written as:
nu+1 ·ru+1 = du+1−nu+1 · q¯u+1 Where du+1−nu+1 · q¯u+1
is known.
Let
A = pu+1n n
u+1 + pu+1t t
u+1 + pu+1o o
u+1 (25)
B = Iu(swu+1 − swu) + swu+1 × Iu(swu+1)−
pxτupyτ u
pzτ
u

(26)
Thus, Equation (22) can be rewritten as:[
[A]T×,n
u+1
(nT )u+1, 0
] [
ru+1
pu+1r
]
=
[
B
du+1 − nu+1 · q¯u+1
]
(27)
where [A]× is a skew-symmetric matrix given by:
[A]× =
 0 −A3 A2A3 0 −A1
−A2 A1 0

By direct calculation, the determinant of the matrix D =[
[A]T×, (n)
u+1
(nT )u+1, 0
]
is given by
|D| = A · nu+1. (28)
From Equation (25), because pu+1n 6= 0, the vector A
will never be orthogonal to the vector n. In other words, the
determinant |D| is always non-zero. Thus, matrix D is always
invertible. Therefore, from Equation (27), the solution for ru+1
and pu+1r should be unique.
To sum up, the solution for the contact points and contact
wrench is unique when object F and G are in contact. Thus,
computing the ECP and the equivalent contact wrench by using
our method is a well-posed problem.
Remark 2. Note that the proof given above is non-
constructive and it is not used to do any computations for
simulating motion. Thus, we need only the existence of the
supporting hyperplane, we actually do not need to compute it
for the proof to be valid.
Remark 3. In the proof above, we have not used the friction
constraints given by Equations (6). This is because the friction
constraints do not change the fact that the ECP and the contact
impulses can be solved uniquely. Depending on the values cho-
sen for the generalized velocity, the obtained contact impulses
may violate the friction constraints. However, as stated before,
we are not giving any computational recipe to compute the
ECP and contact wrenches, only a non-constructive proof of
the notion of well-posedness. When we solve the whole MNCP
numerically, the solutions that we obtain will satisfy all the
constraints including friction constraints.
Remark 4. In this section, we are also not making any claims
about the existence or uniqueness of solutions (i.e., velocity
of the objects, ECPs, and contact impulse) of the overall
mixed nonlinear complementarity problem obtained from the
equations of motion with contact constraints. The theoretical
proof of existence and uniqueness question of solutions to
the MNCP corresponding to our dynamic model is an open
question.
Remark 5. The results in this section may also be useful for
solving estimation problems when the object is sliding over a
surface and has non-point contact. Given the applied force and
velocity at the end of time step, we can compute the equivalent
contact forces and moments and the ECP. These can be used
in contact parameter estimation.
VI. NUMERICAL RESULTS
In this section we present examples to validate and demon-
strate our technique. We consider two canonical examples. In
the first example, we consider the manipulation of a box-
shaped object modeled as a cube on a plane. In the second
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example, we consider the manipulation of a cylindrical object
on the plane. In order to focus on the novel aspects in this pa-
per, we do not focus on simulating the robots that are actually
doing the manipulation. Instead we just assume that the effect
of the robot is to apply a generalized force or generalized
velocity on the objects. We use the PATH complementarity
solver to solve the nonlinear complementarity problem formed
at each discrete time step of the dynamic model.
We consider four different simulation scenarios. The first
scenario is for a cube undergoing translational motion on a
flat plane, where we compare the solution from our general
method using PATH with popular open source dynamics
solvers, e.g., ODE [17] and BULLET [18]. Since, in this case
we know the analytical solution [45], we can use that as the
ground truth. In the second example, a cylinder undergoing
combined translation and rotation in the plane with line contact
is simulated. The third example shows a cube transitioning
between point, line and surface contact. The last example
illustrates a manipulation task for a cylindrical object on the
plane with obstacles.
A. Scenario 1: The cube sliding on the plane
In this example, we consider a cube with 1 m side length
and 1 kg weight sliding on the flat plane without rotation
(see Figure 6a). Let β = 9.8(m/s2), h = 0.01s, µ = 0.12,
et = 1, eo = 1, er = 1m. The initial configuration of the cube
is q = [0, 0, 0.5m, 1, 0, 0, 0]T (we use the unit quaternion to
represent the attitude of the cube), and the generalized velocity
is ν = [4 m/s, 3 m/s , 0, 0, 0, 0]T . In all three scenarios, we let
the acceleration due to gravity is β = 9.8 (m/s2). We choose
the time step to be h = 0.01s, and the tolerance of simulation
to be 1e-8. In this scenario, we set the simulation time to be
4s.
Figure 6b shows the change of equivalent contact point
(ECP) obtained by solving the NMCP for each time step using
PATH. Note that, for this problem, the ECP, contact wrench
and state of the cube at the end of a time step can be computed
analytically.
In Figure 6c, we compare the analytical solution [45] (which
we consider as the ground truth) to the solution from PATH,
the solution obtained from Open Dynamic Engine (ODE), and
the solution obtained from BULLET. In ODE, we use 4 contact
points to approximate the contact face and set the contact
mode: contact.surface.mode = dContactApprox1. In BULLET,
we use 4 contact points to approximate the contact face. In
Figure 6c, we can see that the solution of ODE has a large error
and the direction of sliding changes which can not be true for
the given input. The analytical solution and the solution from
PATH agrees well depicting the correctness of our approach.
In Figure 6d, we compare the analytical solution (which
we consider as the ground truth) to the solution from PATH
and the solution obtained from BULLET. In PATH, the result
describing the position are qxp , qyp . In BULLET, the result
describing the position are qxB , qyB . The analytical solutions
are qx, qy . We calculate the error in percentage ∆qxB = |qx−
qxB |/qx × 100%, ∆qyB = |qy − qyB |/qy × 100%, ∆qxp =
|qx − qxp |/qx × 100% and ∆qyp = |qy − qxp |/qy × 100%. In
Figure 6d, we can see that the error of BULLET increases as
time increases.
B. Scenario 2: Cylindrical object rolling and rotating on the
plane
In this example, we consider a cylinder that rolls and rotates
on the plane with 3D line contact (see Figure 7a ). The length
of the cylinder is l = 5 m, the radius of the cylinder is 1 m
and its mass is m = 10 kg. The coefficient of friction between
the cylinder and the surface is µ = 0.3.
Let the cylinder start at the configuration q =
[0, 0, 1m, 0, 0, 0, 0]T with initial generalized velocity ν =
[0,−1.4 m/s, 0, 0, 0, 0.2]T . In the simulation, whenever the
angular velocity swz becomes 0, we provide an impulse
pzτ = 3 Nms on the cylinder. In this scenario, we set the
simulation time to be 10s.
When cylinder rolls and rotates on the plane with line
contact, we show that the computed ECP stays on the contact
line. We first project relative vector of ECP r onto the
horizontal plane. Let L be the relative location of ECP along
the contact line:
L = cos(sθz)(ax − qx) + sin(sθz)(ay − qy),
where sθz is the rotation angle about Z∗ axis. D is the relative
location of ECP which is orthogonal to the contact line:
D = sin(sθz)(ax − qx)− cos(sθz)(ay − qy)
Thus, ECP lies on the contact line if −l/2 ≤ L ≤ l/2
and D = 0. In Figure 7b we show the variation of L with
time. After around t = 0.5s, the trend changes periodically
in the same pattern. Thus, we truncate the plot at t = 2s.
From the plot, we note that L is always smaller than l/2.
When the angular velocity swz decreases to zero due to the
friction force, L also decreases to zero. When we provide
impulse pzτ = 3Nms on the cylinder, swz increases, and L
also increases. Figure 7c shows the trend of the distance D,
which is truncated at t = 2s. We can see that the distance D
is always 0. Note that, after t = 2s, the distance D keeps to
be 0. Thus, we can conclude that the ECP is on the line of
contact when the cylinder is rolling and rotating on the plane.
C. Scenario 3: The cube toppling and sliding on the plane
In this example we show that our method can auto-
matically transition among point, line, and surface contact
and solve for the ECP. We consider a unit cube start-
ing with point contact with a plane. Let the coefficient of
friction be µ = 0.2 and cube’s initial configuration be:
q = [0, 0,
√
3
2 m, cos
(
θ
2
)
, 1√
2
sin
(
θ
2
)
,− 1√
2
sin
(
θ
2
)
, 0]T .
θ = arctan(
√
2). The initial generalized velocity is ν =
[−√6/4 m,−√6/4 m, 0,√2/2 rad/s,−√2/2 rad/s, 0]T . In
this scenario, we set the simulation time to be 4s.
Figure 8a shows the sliding velocities vt, vo, vr and N , the
number of nonzero Lagrange multipliers denoting the number
of facets of the cube that are in contact. In Equation (15),
when one contact surface touches plane, its associated li > 0.
When a cube has point contact with the plane, it has three
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Fig. 6: Cube sliding on a plane.
0
1
2
2 3
3
z 
(m
ete
r)
2
4
y (meter)
0 1
5
x (meter)
6
0
-1
-2
-2
-3
Z*
X* C"(C')
C
LA
Y*
(a) Cylinder on the plane.
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
Time (s)
-1
-0.5
0
0.5
1
1.5
2
2.5
3
Po
si
tio
n 
(m
)
Boundary
Maximum Length L
(b) Distance of equivalent contact point along
the contact line.
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
Time (s)
-5
-4
-3
-2
-1
0
1
2
3
4
5
Po
si
tio
n 
(m
)
10-3
(c) Distance D is (numerically) zero during
the motion showing that ECP is on contact
line.
Fig. 7: Cylinder sliding and rotating on the plane.
0 0.5 1 1.5 2 2.5 3 3.5 4
Time (s)
-20
-15
-10
-5
0
5
10
15
20
Ve
lo
ci
ty
 (m
/s)
vt
v
o
v
r
N
N=3 Point Contact
N=2 Line Contact
N=1 Surface Contact
(a) The sliding velocity of the ECP.
0.5 1 1.5 2 2.5 3 3.5 4
Time (s)
-2
0
2
4
6
8
10
Po
si
tio
n 
(m
)
a
x
N
N=1 Point Contact
N=2 Line Contact
N=1 Surface Contact
Toppling
Sliding
Stopped
(b) The x coordinate of the ECP ax.
0 0.5 1 1.5 2 2.5 3 3.5
Time (s)
-12
-10
-8
-6
-4
-2
0
2
Po
si
tio
n 
(m
)
ay
NN=1 Point Contact
N=2 Line Contact
N=3 Surface Contact
Toppling
Sliding
Stopped
(c) The y coordinate of the ECP ay .
Fig. 8: The motion of cube on the plane with transition among point, line, and surface contact
facets which contact with plane, so N = 3. Similarly we have
N = 2 for line contact and N = 1 for surface contact. In
the beginning, the cube has point contact with plane. During
motion, when the point contact becomes line contact (t = 1s),
we provide an applied impulse, Papp = [
√
2/2Ns ,−√2/2Ns
, 0, 0.5Nms , 0.5Nms , 0] on the cube. Finally, when the cube
has surface contact with plane (t = 1.8s), we provide an
applied impulse Papp = [10 Ns ,−10Ns, 0, 0, 0, 0] on the
cube to let it slide on the plane. In Figure 8b and 8c, we
plot ax , ay and N . During point contact and line contact,
ECP suddenly changes several times, which means the cube
oscillates between nearby points or lines but still keeps point
or line contact.
D. Scenario 4: The manipulation task of cylindrical object
This scenario illustrates the simulation for a manipulation
task based on our method. This example is chosen to show
that the actions of rolling and pivoting can be useful in
the manipulation task. As shown in Figure 9a, initially a
cylindrical object stands within a dashed circle on the plane.
And there exists two cuboid shape obstacles which may block
the motion of the object. Our goal is to move it to the goal
configuration (shown in Figure 9h). The cylinder is made of
steel with mass m = 75kg. The object’s length is 0.3m and the
radius is 0.1m. The plane is made of rubber, and the coefficient
of friction between it and the object is µ = 0.8. So the friction
resistance is high if we directly push the object on the rough
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(a) t = 0.01s (T1). (b) t = 0.51s (T1). (c) t = 1.31s (T2). (d) t = 1.81s (T3).
(e) t = 2.01s (T3). (f) t = 2.51s (T4). (g) t = 3.51s (T5). (h) t = 5s (T6).
Fig. 9: Simulations for the manipulation task of the cylindrical object showing transitions among point, line and surface contact.
Note that T1 to T6 correspond to time periods in order during the manipulation.
(a) (b)
Fig. 10: (a) The time series of the applied impulses papp(t) = [px(t), py(t), pz(t), pxτ (t), pyτ (t), pzτ (t)]T on the object. (b)
The trajectory of velocity vz(t) and position qz(t) of the object’s CM. In the plots, we divide the time trajectories into the
time periods from T1 to T6. In the top of (b), when vz(t) drops to zero (dots in red), the object has inelastic contact with
the plane. In the bottom of (b), the object has line contact when qz(t) = 0.1m (dotted line). And it has surface contact when
qz(t) = 0.15m (dashed line). And the object has point contact when it transits between line and surface contacts.
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surface. And grasping is also hard since the object is heavy.
Thus, the manipulations like pivoting and rolling is preferred.
Figure 9 demonstrates the snapshots for the manipulation
task. Shown in Figure 9a and 9b, we first make the object
fall down on the plane (T1: from t = 0.01s to t = 0.65s). In
Figure 9c, the object rolls forward with line contact (T2: from t
= 0.66s to t = 1.5s). However, one of the obstacles (the cuboid
shape in green) blocks the motion. As shown in Figures 9d
and 9e, we make the object pivot and rotate about the contact
point and it successfully passes through the obstacle (T3: from
t = 1.51s to t = 2.15s). In Figure 9f, we make the object rolls
forward (T4: from t = 2.16s to t = 3.25s). In Figure 9g, we lift
the object up (T5: from t = 3.26s to t = 4.7s). In Figure 9h,
eventually the object reaches the goal configuration (T6: from
t = 4.71s to t = 5s).
The time series of applied impulses papp(t) on the object
is shown in Figure 10a. In Figure 10b, we compare two plots
of velocity vz(t) and position qz(t) of the object’s CM. We
show that the timings of jumps in vz(t) (identified by the red
dots) correspond to the timings where qz(t) drops to constant
value. Thus, we can conclude that the impact events happen
when the contact mode changes. In our model, the collision
is inelastic. Thus, the velocity component vz(t) goes to zero
when impact happens. Note that both vz(t) and qz(t) vibrate
multiple times during T5 period. And it is reasonable since the
object wobbles on the plane after it has been lifted up during
T5.
VII. CONCLUSIONS
In this paper, we present a geometrically implicit time-
stepping method for solving dynamic simulation problems
with intermittent contact where the contact may be line or
surface contact. In our geometrically implicit method we
formulate a nonlinear mixed complementarity problem for
each time step that allows us to solve the collision detection
and numerical integration of the equations of motion simulta-
neously, instead of decoupling them (as is traditionally done).
Decoupling of the collision detection from equations of motion
makes the collision detection problem ill-posed for line or
surface contact because there are infinitely many possibilities
for contact point choice. Combining the collision detection
with numerical integration allows us to solve for an equivalent
contact point (ECP) on the contact patch as well as the contact
wrenches simultaneously and makes the problem well-posed.
We present numerical simulation results for some manipulation
examples that demonstrate that our method can automatically
handle and simulate through changes in point, line, and surface
contact modes.
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